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1 Introduction

The Solow Model answers tackles a very important question in macroeconomics. Is it possible
to grow forever by acquiring physical capital? The question has a historical relevance if we
stand where Solow wrote his 1956 article. After World War II, The Marshall plan created a
massive investment in capital to reconstruct Europe. The Marshall plan consistent of around
100 billion dollars in 2016 prices. After the reconstruction Europe started growing at very high
rates. To the east, in a physical capital intensive transformation of the economy, the Soviet
Union was also growing very fast. We can rephrase Solow’s question as: Is it possible that
Europe continues to grow at these rates?

Solow’s answer is, No. It is not possible to keep growing real GDP per capita by accumu-
lating machines. The reason? decreasing marginal returns. The evidence seems to be on Solow
side. After years of rapid growth, just by increasing the capital stock, the potential of growth
vanished. The growth economists kept looking for the source of it.

2 The Model

We start by assuming the economy has a constant return to scale production function that de-
pends on capital and labor.

Y = F (K,L)

Remember what constant returns to scale means, it means that:

F (λK, λL) = λF (K,L)

. Because the production has constant returns to scale, we can choose a λ = 1/L and apply the
definition:

F (K/L,L/L) =
1

L
F (K,L)

. That is Y/L = F (K/L, 1). This just says that we can move from per capita GDP Y/L by taking
the production function expressed in terms of capital per capita. Because we are going to be
using K/L a lot, we are going to denote it by k.

So far we know then that the supply side of the economy, is given by y = f(k), that is
production per person is a function of capital per person.
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We are also going to assume that the shape of the production function is such that we have
decreasing marginal returns. That is, the contribution of the last unit of capital to production is
decreasing in the amount of capital.

The demand side of the economy is going to be simple. We are going to assume that the
economy is closed (exports and imports are zero), and that government expenditures are zero.

y = c+ i

We are going to assume something more, which is the rule of how much people consume.
For simplicity (this is relaxed in subsequent models without changing the key result by much),
we are going to let consumption be a constant fraction of output.

c = (1− s)y

We can get then that y = (1 − s)y + i. That is i = sy. Pluggint supply and demand, we get
then that:

i = sf(k)

That means the economy is investing a constant fraction of output. But how do we accu-
mulate capital? We assume that capital investment adds to capital, but that old capital gets
depleted because of depreciation.

kt+1 = kt(1− δ) + it

By plugging our earlier results we get then that:

kt+1 = kt(1− δ) + sf(k)

Do diagram of δk and sf(k) in the board.

3 Steady State

What is the steady state? The value at which the capital is not changing. Why? Because what
we add to capital is equal to the capital that gets depreciated.

That means that

k = k(1− δ) + sf(k)

To solve let’s assume that f = kα.

k = k(1− δ) + skα

δk = skα

k1−α =
s

δ

kss =
(s
δ

)1/(1−α)
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4 The Golden Rule

Obviously, a savings rate of 100% would maximize capital and therefore output. But with that
savings rate, consumption would be zero, since all the output would be used to save and invest.
On the other extreme, if we save zero, capital will deplete completely, and output will be zero,
so consumption will be zero too.

The golden rule says that the “best” savings rate is the one that maximizes consumption in
the steady state.

we know that consumption css = (1− s)yss and that yss = f(kss).
Therefore:

css = (1− s)
(s
δ

)α/(1−α)
When s increases the second term becomes larger, but the first one becomes smaller (more

output but less fraction of it is used to consumption.
What is the level that give us the higher level? that when c is at its maximum.
The other way of seeing this is graphical. When δk = iss = f(k)

5 The Solow Model with Population Growth

So far we assumed that Lt = L ∀t. Do the result of the Solow Model depends on this assump-
tion? First rest restate the main result of the Solow Model: It is impossible to improve per-capita
variables forever by only accumulating capital. The reason? Decreasing marginal returns. So
the question of this section is: Once we allow for population growth, does this result change?
The answer is No. It is very intuitive, the only difference is that in order for capital per person
to not go down , we need to invest more given that the denominator, the number of people, is
increasing.

6 Model with technological change and population growth

The main idea is that because population is growing the the capital units per person are going
down on top of the total capital that is depreciated.

We extend the model to have the following:

Lt = (1 + n)Lt−1

That is, the population grows with a constant growth rate of n. Because the production
function is static, that is production today only depends on the inputs that the country have
today, then nothing changes there with respect to what we did in the last section. However, the
capital accumulation changes. Remeber we start always from:

Kt+1 = Kt(1− δ) + It

Dividing by Lt we get:

Kt+1

Lt
=
Kt

Lt
(1− δ) +

It
Lt

3



Or:

Kt+1

Lt
= kt(1− δ) + it

Note the LHS of the equation is not equal to kt+1. To get that we multiply and divide by Lt+1

Kt+1

Lt

Lt+1

Lt+1

= kt(1− δ) + it

Getting:

kt+1(1 + n) = kt(1− δ) + it

Which we can simplify as:

(1 + n)∆kt+1 = it − (n+ δ)kt

Replacing it = syt and yt = f(kt), we can find a similar expression, but adjusted for popula-
tion growth

(1 + n)∆kt+1 = sf(kt)− (n+ δ)kt

The question here, as in the previous model is whether an steady state exists for per capita
variables. That is, if per capita variables, if given sufficient time to adjust, would find a point in
which they would be constant. The answer is, yes, that value exists. How to find it? If k stays
constant, then ∆k will reach a value of 0.

Let’s see what we find:

(n+ δ)kt = sf(kt)

Assume again that f(kt) = kαt

(n+ δ)kt = skαt

Finding that:

kt =

(
s

n+ δ

)1/(1−α)

So the presence of population growth did not change the findings. The reason is that the
economic phenomenon that was giving us our result has not changed. Capital per person still
exhibits decreasing marginal returns, so the lack of growth in the long run is still there.

7 Population Growth and Technological Progress

Now we introduce technological progress. Let me assume a functional form for the production
function from the beginning:

Y = Kα (LE)1−α
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Where L grows at rate n as before, and E grows at rate g. Now we are going to define ke as
the capital per effective number of people.

ke =
K

LE

It is very easy to show that ye = (ke)α. Below the detail

Y = Kα (LE)1−α

Y

LE
=

Kα

(LE)α
(LE)1−α

(LE)1−α

ye = (ke)α

Now for the capital accumulation equation we do something similar to what we did before:

Kt+1 = Kt(1− δ) + It

Dividing by LtEt we get:

Kt+1

LtEt
=

Kt

LtEt
(1− δ) +

It
LtEt

Or:

Kt+1

LtEt
= kt(1− δ) + it

Note the LHS of the equation is not equal to kt+1. To get that we multiply and divide by
Lt+1Et+1

Kt+1

LtEt

Lt+1

Lt+1

Et+1

Et+1

= ket (1− δ) + iet

Getting:

ket+1(1 + n)(1 + g) = ket (1− δ) + it

Which we can approximate as1

ket+1(1 + n)(1 + g) ≈ ket+1(1 + g + n)

Therefore
(1 + g + n)∆ket+1 = iet − (n+ g + δ)kt

(1 + n)∆ket+1 = sf(ket )− (n+ δ)ket

We find a similar steady state:

1We think of g and n as small numbers (let’s say n = 0.02 and g = 0.01. Therefore gn = 0.002 in that example.
So we abstract from it just to have better looking expressions, nothing substantive changes if we keep the extra
term
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ket =

(
s

n+ g + δ

)1/(1−α)

So capital per effective unit stays constant in the long run. But here is the catch, we are
interested in seeing what happens to capital per person.

Capital per effective unit and capital per person are related by:

ket =
kt
Et

In steady state ke does not change, but Et is growing at g, therefore it has to be the case that k
grows at g in order to maintain ke constant. Formally once ke has found its steady state:

0 = log(kt)− log(Et)

log(kt) = log(Et)

log(kt)− log(kt−1) = log(Et)− log(Et−1)

gk = g

That is capital per person grows at the rate of technological growth. How about output per
capita?

gy = αgk + (1− α)g = αg + (1− α)g = g

That is, output grows at rate g
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