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1 Introduction

This note is a little bit heavy with notation, and you should see it as a methodological one. It has
some detail for you to understand the method, and that it may work as a guide be able to solve
linearized models as we are studying in class but without stating every step in which things may go
wrong, since these are a little bit beyond the point for the simple models we will deal with. The note
has five parts:

• General structure in which we need to write the models

• How to write familiar models in the baseline form?

• Start from the state-space representation and get an algorithm to solve the models

• What conditions guarantee existence and uniqueness of the bounded solution?

• Example of the method in the NK model

2 The Blanchard-Kahn Method

After log-linearizing the optimality conditions of our models, we will have a system of linear stochastic
first order difference equations. How can we solve these systems? How can we tell whether a solution
exists? Whether it is unique? Those are the questions solved by Blanchard - Kahn (1980) and
follow-up papers that extend the method.

The models we will be working need to be put in the following form.

Γ0Et(xt+1) = Γ1xt + Ψzt (1)

xt ∈ Rp+m (2)

zt ∈ Rk (3)

xt =
[
xst , x

j
t

]
(4)

xst ∈ Rp (5)

xjt ∈ Rm (6)

Et(xst+1) = xst+1 (7)

x0 is given (8)

We start by showing how two of our models, the RBC model and the NK model can be put in the
above-stated form.

∗This note borrows from Woodford’s book and from notes by Wouter J. Den Haan, Gauti Eggertsson, Eric Sims,
Christopher Sims, Yossi Yakhin, among others. If you find typos please email me.
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2.1 The RBC

The RBC model in log-linearized form is characterized by three equations:

γĉt = γEtĉt+1 + (1− β(1− δ))[(1− α)k̂t+1 − ρât] (9)

k̂t+1 =
1− β(1− δ)

αβ
ât +

1

β
k̂t −

1− β(1− δ(1− α))

αβ
ĉt (10)

ât = ρât−1 + εt; ε ∼ N(0, σ2) (11)

So we start by defining what is x, then what is a endogenous state variable and a jump variable,
what are the exogenous state variables, and then write the values for the coefficient matrices Γ0, Γ1,
and Ψ

xt =
[
k̂t ĉt

]
(12)

xst = k̂t (13)

xjt = ĉt (14)

zt = ât (15)

Γ0 =

[
(1− β(1− δ)(1− α) γ

1 0

]
(16)

Γ1 =

[
(0 γ
1
β −1−β(1−δ(1−α))

αβ

]
(17)

Ψ =

[
(1− β(1− δ))ρ

1−β(1−δ)
αβ

]
(18)

2.2 The NK Model

ŷt = Etŷt+1 −
1

σ
(̂it − Eπ̂t)

π̂t = βEtπ̂t+1 + κŷt

ît = φπ̂t + ηt

ηt ∼ iid(0, σ2
η)

Notice that the nominal interest rate only enters the system in the current period. Therefore we
can replace it in the other equations to make our lives easier.

ŷt = Etŷt+1 −
1

σ
(φπ̂t + ηt − Eπ̂t) (19)

π̂t = βEtπ̂t+1 + κŷt (20)

(21)

We now write the model in the standard form.

xt =
[
ŷt π̂t

]
(22)

xjt = xt (23)

zt = η̂t (24)

Γ0 =

[
1 1

σ
0 β

]
(25)

Γ1 =

[
1 φ

σ
−κ 1

]
(26)

Ψ =

[
1
σ
0

]
(27)
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3 Solution

Now that we know how to write a model in state-space form, we move on to analyze the problem in
the generic form described by equations (1) to (8).

3.1 Assumptions

1. Et(xt+j) is bounded for all j

2. Γ0 is invertible

Et(xt+1) = Axt +Bzt (28)

A = Γ−1
0 Γ1 (29)

B = Γ−1
0 Ψ (30)

3. The eigenvectors of A are linearly independent

A = PΛP−1 : Jordan Decomposition (31)

• Λ is a diagonal matrix with the eigenvalues of A

• P is a matrix with the eigenvalues of A

When writing A in the Jordan decomposition form, we can always rearrange the eigenvalues in the
way we want, as long as we rearrange the eigenvectors in P in a consistent way. We will organize Λ
by increasing order of its absolute value, and call Λs the block of the matrix made out of eigenvalues
smaller than 1 for which we have an arbirary number p̄, and Λe the ones larger than 1, which are
composed by m̄ eigenvalues. Why we do this will be evident in a bit.

Λ =

[
Λsp̄×p̄ 0p̄×m̄
0m̄×p̄ Λem̄×m̄

]
Intuition of the assumptions and next steps: State and jump variables depend on each other

(A is does not have to be block diagonal). So we cannot solve every equation separately, which adds a
complication to our system. But we can transform the system into a block diagonal system by means
of the Jordan decomposition. This system is easier to manipulate. After finding solutions for the
transformed system, we can go back to the original one.

Define wt ≡ P−1xt.
Then our original system can be written as:

P−1Et(xt+1) = P−1Axt + P−1Bzt (32)

P−1Et(xt+1) = P−1PΛP−1xt + P−1Bzt (33)

Et(wt+1) = Λwt + B̄zt (34)

Note that Λ is a diagonal matrix, so we can rewrite the system as two independent blocks

Et(w1,t+1) = Λsw1,t + B̄1zt (35)

Et(w2,t+1) = Λew2,t + B̄2zt (36)

The elements in Λs are smaller than one, and z is stationary, therefore the system in (35) is stable.
However the elements on Λe are greater than 1, so the system in (36) is explosive, except for special
cases for initial values w2,0.

So let’s take equation (36), which is the problematic one, and iterate it forward:
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w2,t = Λ−1
e Et(w2,t+1)− Λ−1

e B̄2zt (37)

w2,t = Λ−1
e Et

(
Λ−1
e Et(w2,t+2)− Λ−1

e B̄2zt+1

)
− Λ−1

e B̄2zt (38)

... (39)

w2,t = Λ−Te Etw2,t+T −
T∑
τ=0

Λ−τ−1
e B̄2Etzt+τ (40)

w2,t = lim
T→∞

[
Λ−Te Etw2,t+T −

T∑
τ=0

Λ−τ−1
e B̄2Etzt+τ

]
(41)

w2,t = lim
T→∞

Λ−Te Etw2,t+T −
∞∑
τ=0

Λ−τ−1
e B̄2Etzt+τ (42)

(43)

The elements in Λe are greater than one, therefore as T goes to infinity Λe → 0, and we started
by assuming a bounded equilibrium, so Etw2,t+T cannot explode by assumptiom, therefore:

w2,t = −
∞∑
τ=0

Λ−τ−1
e B̄2Etzt+τ (44)

Now recall that xt = Pwt. Therefore:

xt = Pwt (45)[
x1,t

x2,t

]
=

[
P1,1P1,2

P2,1P2,2

] [
w1,t

w2,t

]
(46)

x1,t = P1,1w1,t + P1,2w2,t (47)

x2,t = P2,1w1,t + P2,2w2,t (48)

Key for the solution: we are going to assume that m (the number of jump variables) is equal
to m̄, the number of explosive eigenvalues (those greater or equal to one). If this is the case, then:

x1,t = xst (49)

x2,t = xjt (50)

Equation (47) implies:

w1,t = P−1
11 x

s
t − P−1

11 P12w2,t (51)

And equation (48) plus equations (44) and (51) imply that:

xjt = P21P
−1
11 x

s
t + (P21P

−1
11 P12 − P22)

∞∑
τ=0

Λ−τ−1
e B̄2Etzt+τ (52)

Therefore, the algorithm consists on:

1. Recall that at time t = 0, xs0 is given

2. at time zero find w1,0 according to (51)

3. Use (52) to find xj0

4. Et(xt+1) = Axt +Bzt plus the definition of a state variable Et(xst+1) = xst imply:

xst+1 = A11x
s
t +A12x

j
t +B1zt

5. from the previous step you have xs1, go back to step 1 and keep iterating.
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4 Existence and Uniqueness

As remarked before, the algorithm assumed that m̄ = m. What happens if that is not the case?

4.1 m̄ > m

This says there are more explosive eigenvalues than jump variables. Equation (48) at time zero is:

x2,0 = P2,1w1,0 + P2,2w2,0

Because m̄ > m then x2 includes some state variables. But state variables are already given at time
t = 0, and (48) is imposing conditions on them. We do not have enough free variables, there is not a
solution.

4.2 m̄ < m

This means we have less explosive eigenvalues than jump variables. Equation (47) at time zero implies:

w1,0 = P−1
11 x1,0 − P−1

11 P12w2,0

Because m̄ < m there are some jump variables in x1 (there are some jump variables with eigen-
values < 1). For whatever initial value of those jump variables, we can get a solution. Therefore we
have infinite number of solutions.

Therefore, in order to have a unique bounded solution, we need the number of jump
variables to be equal to the number of eigenvalues of A that are greater than one in
absolute value.

5 Application - The NK Model

Recall the model we wrote in section 1.2
In that model A and B are:

A =

[
κ/(βσ) + 1 φ/σ − 1/(βσ)
−κ/β 1/β

]

B =

[
1
0

]
The challenge now is to see whether the eigenvalues of A are greater than one. Remember that we

have 2 jump variables, so we need 2 eigenvalues outside the unit circle.
One approach is to compute the eigenvalues of A, and then check conditions under which they are

greater than one in absolute value. That is hard and boring. For a system of 2×2 there are conditions
that area easier to check:

For a 2 × 2 matrix A, both eigenvalues are outside the unit circle if and only if either Case I or
Case II are satisfied.

• Case I

1. detA > 1

2. detA− traceA > −1

3. detA+ traceA > −1

• Case II

1. detA− traceA < −1

2. detA+ traceA < −1
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Proof: Woodford Book. Addendum to Chapter Four. Appendix C.
For our model:

detA =
σ + κφ

βσ

traceA = 1 +
κ

βσ
+

1

β

Let’s check the three conditions on Case I:

• φ > σ(β−1)
κ

• φ > 1

• φ > −
[

2βσ
κ + 2σ + 1

]
Condition 2 is the more restrictive, since the first one and the third one impose that φ has to be

greater than a negative number (κ > 0, σ > 0, β < 1). Therefore, if φ > 1, there is a unique bounded
equilibrium, an old result called the Taylor Principle. This is a result we have seen before, but the
power of the method is that we can complicate the model and use this same method in order to check
whether the model has solution, and then solve it. We usually let computers to solve the models
because as we increase the size of the model, computing eigenvalues and inverting matrices by hand
-or analytically - becomes more challenging.
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